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Introduction 

The compact exceptional Lie groups F4,Eq,Ej and have spinor groups as a 
subgroup as follows. 

F4 D Spin{9) D Spin{8) D Spin{7) D • ■ • D Spin{l) B 1 

n 

Ee D Spin{10) 

n 

E7 D Spin{12) D Spin{n) 

n 

Eg D Ss{16) D Spin{15) D Spin{U) D Spin{13) 

On the other hand, we know the involution a' induced an element a' G Spin{8) C 
F4 (1 Eq C Ei <Z Eg,. Now, in this paper, we determine the group structures of 
{Spin{n)Y which are the fixed subgroups by the involution a' . Our results are as 
follows. 

F4 {Spin{Q)Y' ^ Spin{8) 

Eg {SpinilO))"' = {Spin{2) x Spin{8))/Z2 

Ej {Spin{ll)Y' ^ {Spin{3) x Spin{8))/Z2 

{Spin{l2)Y' = {Spin{4) x 5'pm(8))/Z2 
Es {Spin{U)Y' ^ {Spin{5) x 5'pm(8))/Z2 

iSpin{U)Y' = {Spin{6) x 5'pm(8))/Z2 
Needless to say, the spinor groups appeared in the first term have relation 

Spin{2) C Spin{3) C Spin{A) C Spin{5) C Spin{6). 

One of our aims is to find these groups explicitly in the exceptional groups. In the 
group Eg, we conjecture that 

{Spin{15)Y' ^ {Spin{7)xSpin{8))/Z2, {Ss{16)Y' ^ {Spin{8) x Spin{8)) / {Z2X Z2), 

however, we can not realize explicitly. 

This paper is closely in connection with the preceding papers [2], [3], [4] and may 
be a continuation of [2], [3], [4] in some sense. 
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1. Group F4 



Wc use the same notation as in [5] (however, some will be rewritten). For example, 

the Cay ley algebra € = H (B He4, 

the exceptional Jordan algebra Z = {X S M(3, £) | X* = X}, the Jordan multi- 
plication X oY, the inner product {X, Y) and the elements £^1, £'2, -Ea S 3, 

the group F4 = {a G Isojtp) | a{X oY) = aX o oY}, and the element a G 
F4 : aX = DXD,D = diag(l, -1, -1), X G Z and the element ct' G F4 : a'X = 
D'XD', D' = diag(-l, -1, 1), X e 3, 

the groups SO{8) = SO jC) and Spin{8) = {(ai, a2, as) G <SO(8) x 50(8) x 
50(8) I {aix){a2y) = asixy)}. 

Proposition 1.1. (-P4)bi = Spin{9). 

Proof. We define a 9 dimensional -R-vector space by 



/ u u u \ 

= {XGa|£ioX = 0,tr(X) = 0} = | ^ X WGi2,a;Ge:} 



with the norm 1/2(X,X) = + 5^;. Let 50(9) = SO{V^). Then, we have 
{Fi)Ei/Z2 — 50(9), Z2 = {l,cr}. Therefore, (-F4)bi is isomorphic to Spin{9) as 
a double covering group of 50(9). (In details, see [5], [8].) 

Now, we shall determine the group structure of {Spin{9)Y' . 
Theorem 1.2. {Spin{9)Y' ^ Spin{8). 

Proof. Let Spin{9) = {F4,)e^. Then, the map (pi : Spin{8) {Spin{9)y' , 

(Cl 2^3 02X2 

6 C(ixi I , X €Z 
a2X2 oTxT 6 

gives an isomorphism as groups. (In details, see [3].) 



2. Group Eq 

We use the same notation as in [5] (however, some will be rewritten). For example, 

the complex exceptional Jordan algebra Z'^ = {X G M(3, C*^) | X* = X}, the 
Freudenthal multiplication X xY and the Hermitian inner product {X, Y) , 

the group Eq = {a e Isoc(3'^) \aX x aY = TaT{X x Y), {aX,aY) = {X,Y)}, 
and the natural inclusion F4 C Eq, 
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any element 4> of the Lie algebra ee of the group Eq is uniquely expressed as 
(i> = 5 + if,5&U,Te 30, where Zo = {T tr(T) = 0}. 

Proposition 2.1. {E^Ie^ = Spin{10). 

Proof. We define a 10 dimensional ii-vector space V^^ by 

/O \ 

= {X eZ'^\2EiX X = -tX} = \ [ e X \ ^gC,xgc] 

with the norm 1/2{X,X) = (r^C + xx. Let 5*0(10) = SO{V^°). Then, wc have 
{Eq)ei/Z2 = 5*0(10), Z2 — {l,cr}. Therefore, {Eq)ei is isomorphic to 5'pm(10) as 
a double covering group of 5*0(10). (In details, sec [5], [8].) 

Lemma 2.2. For v e Spin{2) = U{1) = {v G C\{tv)v = 1}, we define a 
C -linear transformation (t>i{v) of Z'" by 

^1 VXz V^^X2^ 

h{u)X=\ vxi I, Xe3^. 



V ^Xi Xi V 



Then, M^) e ((£;6)bJ'''. 



Lemma 2.3. Any element cp of the Lie algebra {{e6)Ei Y of the group ((EQ)Ei y 
is expressed by 

(j) = 6 + it{E2 - E^y , S€{{U)Ey =so{8), t€R. 
In particular, we have 

dim(((e6)£j"') = 28+l = 29. 

Now, we shall determine the group structure of (5pm(10))'^'. 

Theorem 2.4. (S'pm(10))<"' ^ {Spin{2) x Spin{S))/Z2, Z2 = {(1, 1), (-l.o")}. 



Proof. Let 5pm(10) = {Eq)e^, Spin{2) = U{1) C ((£;6)i3j'^' (Lemma 2.2) and 
5*pm(8) = {{Fi)E^Y' C ({E(i)Ey (Theorem 1.2, Proposition 2.1). Now, we define 
a map : Spin{2) x Spin{8) — > {Spin(lO)y by 

Then, (fi is well-defined : (fi{u, fi) e (S'pm(lO))'^ . Since </!>i(i') and /3 are commutative, 

iy9 is a homomorphism. Kercp = {(1, 1), (—1, cr)}. Since (5j>m(10))'^ is connected and 
dim(spin(2) ©spin(8)) = 1 + 28 = 29 = dim((spin(10)''')) (Lemma 2.3), ip is onto. 
Thus, we have the isomorphism {Spin{2) x Spin{%))/ Z2 = (5'pm(10))'^ . 



3 



3. Group Ey 



Wc use the same notation as in [6] (however, some will be rewritten). For example, 

the Freudenthal C-vector space = -3*" © 3'" © C* © C, the Hermitian inner 
product {P, Q) , 

for P, g e the C-linear map P xQ : '^^ , 

the group E-j = {a & Isoc(^*^) | a{X x F)a-i = aP x aQ, {aP,aQ) = {P,Q)}, 
the natural inclusion Eq c E^ and elements a, a' G P4 C £^6 C £^7, X G E^, 

any element <P of the Lie algebra (7 of the group E^ is uniquely expressed as 
# = #(0, A, -tA, !^), ^ e ee, ^ e 5*^, e iJR. 

In the following, the group {{Spin{10)y )fi{x) is defined by 

{{Spin{10)f')F^{x) = {ae {Spin{10)y' \aFi{x) = Fi{x) for allx G £}, 

/O 0\ 
where Pi (a;) = a; e 3. 

Vo ^ 0/ 

Proposition 3.1. {{Spin{10)y)Fi(^x) - Spin{2). 

Proof. Let Spin{10) = (Pe)^! and 5pm(2) = f/(l) = {z/ e C| (Tiy)!^ = 1}. We 

consider the map (f)i : Spin{2) {{Spin{10))'^ )fi{x) defined in Section 2. Then, 
is well-defined : (f)i{i') G {{Spin{10))°' )fi{x)- We shall show that c6i is onto. From 
{{Spin{10)Y')Fi(x) C {Spin{10)Y' , we see that for a G {{Spin{10)y' )fi(x), there 
exist u e Spin{2) and /3 € Spin{8) such that a = ip{u,p) (Theorem 2.4). Further, 
from aFi{x) = Fi{x) and 0i(i^)Pi(x) = Fi{x), we have PFi{x) = Fi{x). Hence, 
/3 = (1,1,1) or (1,-1,-1) = (T by the principle of triality. Hence, a = 0i(j^) or 
(j)i{u)a. However, in the latter case, from a = (pi{—l), we have a = <pi{v)<pi{—l) = 
Therefore, (j)i is onto. Ker(j!)i = {1}. Thus, we have the isomorphism 
Spin{2) ^ {{Spin{lQ)Y')F,(xy 

We define C-linear maps k, : respectively by 

K{x,Y,^,n) = (-«iX,My,-c,??), KiX = (Pi,x)Pi -4Pi X (Pi X X), 

MX,y,^,r?) = (2Pi xy + 77Pi,2Pi xX + ^Pi,(Pi,F),(Pi,X)). 
Their explicit forms are 

K(X,F,C,??) = 



M(X,F,^,r?)=( r?3 -yi 
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We define subgroups (-Br)"''', ((-E^7)''''')(o,Bi,o,i) and ((i^7)''''')(o,i<;i,o,i),(o,-Ei,o,i) 
of by 

(Ej)'^'^ = {a Cz Ej \ KOi — an, fia — a/i}, 



{{Err'niOMD = {q e {Err''' I "(0, Ei,0, 1) = (0, E^, 0, 1)}, 

((S7)'''^)(o,£„o.i),(o,-fJi,o,i) = {« e (Er)'^''' 
and also define subgroups ((£^7)''''')(Ei,o,i,o) and ((£^7)'*''')(Bi,o,i,o),(Bi,o ,-i,o) of -E7 by 

((^7)"''')(i=;i,o,i,o) = {a e (^7)"'" I aiEi,0, 1, 0) = (E.^O, 1, 0)}, 

a(£;i, 0,1,0) = (£1,0, L( 
a(Si, 0,-1,0) = (^1, 0,-1,0) 



a(0, £1,0,1) = (0,£;i,0, 1) 
a(0,-£i,0,l) = (0,-£;i,0,l) 



((FW, .-U^(F)-'>^ a(i?i,0,l,0) = (£1,0,1,0) 1 

{{Er) 'n{EMUErfi,-ifi) - |a G (^^7) ^^(i^,, 0, -1, 0) = (£1, 0,-1,0) /• 



Proposition 3.2. (1) ((£7)"''*)(i=;i,o,i,o) = ((i^7)"''')(o,i=;i,o,i)- 

(2) ((-E'7)''''')(Ei,0,l,0),(Ei,0,-l,0) = ((-E'7)''''*)(0,Bi,0,l),(0,-i=;i,0,l)- 

Proof. (1) For a G ((£7)'''^)(j=;i,o,i,o), we have a(0, £1,0,1) = aAt(£i, 0, 1, 0) = 
/ia(£i, 0,1,0) = /i(£i, 0,1,0) = (0, £1,0,1). Hence, a G ((£7)''''')(o,i=;i,o,i)- The 
converse is also proved. 

(2) It is proved in a way similar to (1). 

Proposition 3.3. ((£7)''''')(o,£;i,o,i),(o,-Ei,o,i) = S'pm(lO). 

Proof. If a G £7 satisfies a(0,£i,0,l) = (0,£i,0, 1) and a(0, -£i,0, 1) = 
(0,-£i,0,l), then we have a(0, 0,0,1) = (0,0,0,1) and a(0,£i,0,0) = (0,£i,0,0). 
From the first condition, we see that a € Eg- Moreover, from the second condition, 
we have a G {Ee)Ei = Spin{10). The proof of the converse is trivial because k, fi are 
defined by using £1. 

Proposition 3.4. {{E7T'''){o,e,,o,i) = Spin{ll). 

Proof. We define an 11 dimensional il- vector space V^^ by 

yii = {P e I = £, ^tXP ^ P,Px (0, £1,0, 1) = 0} 

/O \ /?? 0\ 
= |( C a; , o\ ,0,Tr]) xG<t,^€C,r]GiR} 

with the norm 

(P, P)^ = i(/.P, AP) = {Tr])7j + XX + {tOC 

Let 50(11) = SO{V^^). Then, we have ((£7)«''')(o,£;i, 0,1) 7-^2 ^ 5*0(11), Z2 = 
{l,cr}. Therefore, ((£7)'*''^)(o, £1,0,1) is isomorphic to Spin{ll) as a double covering 
group of 5*0(11). (In details, see [6], [8].) 
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Now, we shall consider the following group 
{{Spin{n)r ) (0,Fi(3/),0,0) 

Lemma 3.5. The Lie algebra ((spin(ll))'^ )(o,Fi{y),o,o) of the group 
{{Spin{ll)Y' )(^o,Fi{y)fifi) is given by 



((spin(ll))'"')(o,Fi(y),o,o) 
.'0 






eGR,pGCy 



In particular, we have 



dim(((spin(ll))'^ )(o,Fi(y),o,o)) = 3. 



Lemma 3.6. For a € R, the maps Uk (a) : ^ fc = 1, 2, 3 defined by 



ak{a) 



/ X\ / (1 + (cos a-l)pk)X - 2(sin a)Ek xY + //(sin a)Ek \ 
Y 2(sin a)Ek x X + {1 + (cos a - l)pk)Y - ^(sin a)Ek 

^ ( (sin a)Ek , Y) + (cos a)^ 

KvJ \ {-{sma)Ek,X) + {cos a)r] ) 

belong to the group E-j, where Pk'-Z'^ ^ 3*^ is defined by 

PkiX) = {X, Ek)Ek + 4Ek X [Ek xX), Xg 

ai(a), Q!2(&), q:3(c) {a,b,c e R) commute with each other. 

Proof. For <Pk{a) = (!>{0, aEk, -aEk,0) £ er, we have ak{a) = exp<?/c(a) e £"7. 
Since [<Pk{a),'I>i{b)] = 0,k l,ak{a) and ai{b) are commutative. 

Lemma 3.7. ((5p^n(ll))-')(o,f,(J,),o,o)/5p^r^(2) ~ S\ 

In particular, {{Spin{ll))'^ )(o,-Fi(j/),o.o) is connected. 

Proof. We define a 3 dimensional i?-vector space by 

= {Pg^'^\kP= -P, firXP = -P, a'P = P,Px (^i, 0, 1, 0) = 0} 




<,0 



{P,P)^ = --{l^P,XP)=e + {rv)V- 



Then, = {P eW^\ (P, P)^ = 1} is a 2 dimensional sphere. The group 
{{Spin{n)r )(o, Fi{y)fi,o) acts on S"^. We shall show that this action is transitive. To 
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show this, it is sufficient to show that any clement P € S'^ can be transformed to 
{—iEi,0,i,0) e S"^ under the action of {{Spin{ll)y )(o,Fi(j/),o,o) • Now, for a given 



fiS. 0\ /O 
P=( , 77 
yo 0/ \0 -TT] 

choose a € R,0 < a < 7r/2 such that tan 2a = (if tti — n = 0, then let 

TT? — 77 

a = 7r/4). Operate 023(0) := Q2(a)a3(«) = exp(^(0, a(£'2 + E3),-a{E2 + £'3),0)) 
€ {{Spin{ll))'^ )(o,Fi(y), 0.0) (Lemmas 3.5, 3.6) on P. Then, we have the ^-term of 
0(23{a)P is — ((cos2a)(z^) + 1/2 (sin 2a) (rr; — 77)) = 0. Hence, 

/O \ 

a23(a)P = (0, C , 0, 0) = Pi, C G C-, (rC)C = 1- 
\0 -tCJ 

Prom (tC)C = & C, we can put C = e'^, < 6* < 27r. Let = e~'^/^, and operate 
M^) e ((5pm(10))'^')jri(x) (Lemma 2.2) (c ((5pm(ll)'^')(o,Fi(^),o,o)) on Pi. Then, 

M'')Pi = (o,£;2-£;3,o,o) = P2. 

Moreover, operate (^i(e"/"^) on P2, 

<^i(e'"/^)P2 = {0,i{E2+E3),0,0) = P3. 

Operate again a23(7r/4) on P3. Then, we have 

a23(7r/4)P3 = {-iEi,0,i,0). 

This shows the transitivity. The isotropy subgroup of ((S'pm(ll))'^ ){o,Fi{y),o,o) at 
{-iEi,0,i,0) is {{Spin{10)y')F,{y) (Propositions 3.2(2), 3.3, 3.4) = Spin{2). Thus, 
we have the homeomorphism {{Spin{ll))"' ) (^Q^p^(^y^ ^^q^ / Spin(2) ~ S^. 

Proposition 3.8. ((5pm(ll))'"')(o,Fi(y),o,o) = Spin{3). 

Proof. Since {{Spin{ll))"' )(o.Fi(i/),o,o) is connected (Lemma 3.7), we can define 
a homomorphism tt : {{Spin{n)y' )(^o,F^{y)fifi) SO{S) = SO(W^) by 

n{a)=a\W^. 

KerTT = {1, a} = Z2. Since dim(((spin(ll))'^ ){o,Fi{y),o,o)) = 3 (Lemma 3.5) = 
dim(5o(3)), TT is onto. Hence, ((S'pm(ll))''')(o,Fi(j/),o,o)/.^2 = 50(3). Therefore, 
((S'pm(ll))'^ )(o,Fi(j/),o,o) is isomorphic to Spin{3) as a double covering group of 
50(3). 




7 



Lemma 3.9. The Lie algebra (spvn(ll))'^ of the group {Spin{ll))'^' is given by 
(spin(ll))-' 




\^(D + i e 
VO 

I Z? eso(8),e G R,p e c|. 




In particular, we have 

dim((spin(ll))'"') = 28 + 3 = 31. 

Now, we shall determine the group structure of {Spin{ll))'^' . 

Theorem 3.10. (S'pm(ll))'"' ^ {Spin{3) x Spin{8))/ Z2, Z2 = {(1, 1), (-1, a)}. 

Proof. Let = ((^7)"'^)(o,£i,o,i). Spin{3) = ((^P«n(ll))"')(o,Fi(v),o,o) 

and Spin{8) = ((i^4)Bj"' C ((i?6)ijj"' = (((i^7)"''')(is„o,i,o),(£;i,o,-i,o))"' C 
(((£;7)''''')(£j,o,i,o))''' (Theorem 1.2, Propositions 3.2, 3.3, 3.4). Now, we define a map 
tp : Spin{3) x Spin{S) (S'pm(ll))''' by 

Then, (p is wcU-dcfincd : ip{a, 13) G (5pm(ll))'''. Since [^d.^^s] = for <I>d = 

0,0,0) G spin(8), ^-3 G spin(3) = {{spin{n)y')^o,F^{v),OM) (Proposition 3.8), 
we have a/3 = pa. Hence, is a homomorphism. Kert^ = {(1, 1), (— 1, ct)} — Z^- 
Since (S'pm(ll))'^ is connected and dim(5pin(3) ©5pin(8)) = 3(Lemma 3.5) + 28 = 
31 = dim((spin(ll))'^ ) (Lemma 3.9), 97 is onto. Thus, we have the isomorphism 
(S'pm(3) X Spin(%))IZ2 = {Spin{ll)y' . 

Proposition 3.11. (£7)"''' = Spin{12). 

Proof. We define a 12 dimensional ii-vector space V^"^ by 

= {P G I kP = F, /xtAP = P} 

77 0\ 

,0,r7?) X G G C| 

/ 




with the norm 

(P, P)^ = li^^P, AP) - {tv)v (rOe 

Let S'0(12) = 5'0(yi2) xhen, we have (Er)"-'' / Z2 ^ 5'0(12), Z2 = {l,cr}. There- 
fore, {E'jY'^ is isomorphic to Spin{12) as a double covering group of 50(12). (In 
details, see [6], [8].) 
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Now, we shall consider the following group 
((Spm(12))-')(o,p.,(^),o,o) 

Lemma 3.12. The Lie algebra ((spin(12))'^ )(o,Fi(j/),o,o) of the group 
((5'pm(12))'^')(o,Fi(3/),o,o) is given by 

((5pin(12))-')(o,p,(,),o,o) 

/eiOOy/OO 0\ /OO 0\ 3 
= |<p(z p £2 , p2 , -r p2 , --iei) 

ei e -R, ei + e2 + £3 = 0,Pz € c|. 
/n particular, we have 

dim(((spin(12))-')(o,ir,(j,),o,o)) = 6. 
Lemma 3.13. For t G R, the map a{t) : ^- defined by 

a{t){X,Y,^,r]) 

' e^"^i e**X3 e^*X2 \ / 6^^**771 e~'*y3 e~**y2 \ 

e**a;2 xi 6 / \ £-"^2 Vs J 

belongs to the group {{Spin{12))"' )(o^Fi{y),o,0)- 

Proof. For<? = <P{2itEiW Ei,0,0, -2it) e ((spin(12))''')(o,Fi(y),o,o) (Lemma 3.12), 
we have a{t) = exp^ G ((S'pin(12)'^')(o,_Fi(j^),o,o)- 

Lemma 3.14. {{Spin{12)y')^o,F,{y),o,o)/Spin{3) ~ S\ 

In particular, {{Spin{12)y )(o,Fi(y),o,o) is connected. 

Proof. We define a 4 dimensional -R-vector space by 

= {P€^^\kP = -P, htXP = -P, a'P = P} 

OWO \ 
0,0 7? ,r^,0) ^,V&C\ 
0/ \0 -TrjJ 

{P, P), = -\{l^P, AP) = {tO^ + (r77)77. 

Then, 5^ = {P G M^'' | {P,P)^ = 1} is a 3 dimensional sphere. The group 
{{Spin{12)Y ) 

(o,Fi(i/),o,o) acts on S^. We shall show that this action is transitive. To 
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show this, it is sufficient to show that any clement P G can be transformed to 
{Ei,Q, 1,0) G under the action of {{Spin{12)y )(o,Fi(j/),o,o)- Now, for a given 

/C 0\ /O \ 
P=( , r, ,re,0) e 
\0 0/ \0 -rr?/ 

choose t £ R such that e^**^ £ iR. Operate a{t) (Lemma 3.13) on P. Then, we have 

a{t)P = Pi e 52 C 5^ 

Now, since ((S'pm(ll))'^')(o,Fi(y),o,o) (c ((S'pm(12))'^')(o,Fi(2/),o,o)) acts transitively on 
S'^ (Lemma 3.7), there exists 13 G {{Spin{ll)y )(o,Fi(y),o,o) such that 

/3Pi = (-i£i,0,i,0) = P2. 

Operate again a(7r/4) on P2. Then, we have 

a(7r/4)P2 = (£;i, 0,1,0). 

This shows the transitivity. The isotropy subgroup of {{Spin{12))^ )(o,Fi(y),o,o) at 
(£;i, 0,1,0) is ((S'pm(ll))'"')(o,Fi(y),o,o) (Propositions 3.2(1), 3.4, 3.11) = Spin{3). 
Thus, we have the homeomorphism ((S'pm(12))'^ )f^Q p^(^y^ Q Q^/Spin{3) ~ S^. 

Proposition 3.15. ((S'pm(12))'^')(o,Fi(j,),o,o) - Spin{4). 

Proof. Since ((S'pm(12))'^ )(o,_Fi(j/),o,o) is connected (Lemma 3.14), we can define 
a homomorphism tt : ((S'pm(12))''')(o,Fi(j,),o,o) SO{A) = S'O(VF^) by 

n{a) = a\W^. 

KevTT = {l,cr} = Z2. Since dim((5pin(12))'^')(o_i?j(j/)_o,o)) = 6 (Lemma 3.12) = 
dim(so(4)), tt is onto. Hence, ((6'pm(12))'^')(o,Fi(y),o,o)/-^2 — 50(4). Therefore, 
{{Spin{12))"' )(o,Fi(j/),o,o) is isomorphic to Spin{4:) as a double covering group of 
50(4). 

Lemma 3.16. The Lie algebra (5pin(12))'^ of the group {Spin{12)Y' is given by 
{sm{l2)Y' 



= U(d + « £2 , p2 , -r p2 , -i-ei 

yo £3/ vo ps/ * " " ' 

I D e so(8), Cj e i?, ei + £2 + £3 = 0, Pi e o|. 




/n particular, we have 

dim((5pin(12))'"') = 28 + 6 = 34. 
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Now, we shall determine the group structure of (5pm(12))'^'. 

Theorem 3.17. (5pm(12))<^' ^ {Spin{4:) x Spin{8))/Z2, Z2 = {(1, 1), (-1, a)}. 

Proof. Let Spin{12) = (£7)"''', SpiniA) = {{Spin{12)y')i^o,F,(y)fi,Q) and Spin{8) 
= m)Ey C {{Ee)Ey = m7r'')iE,fiME,,o,-i,o)r' cHErr'n'^' {Theorem 
1.2, Propositions 3.2, 3.3, 3.11, 3.15). Now, we define a map : Spin{A) x Spin{8) — >■ 
{Spin{12)y' by 

Then, ip is well-defined : fia^p) e {Spin{l2)Y' . Since [<pD,f?4] = for $d = 
0,0,0) G 5pin(8), ^4 G 5pin(4) = ((spin(12))'^')(o,ir,(^),o,o) (Proposition 3.15), 

we have a/3 = j3a. Hence, is a homomorphism. Kert/? = {(1, 1), (— 1, a)} = Z2- 
Since (S'pm(12))'^' is connected and dim(spin(4) ©spin(8)) = 6(Lcmma 3.12) + 28 = 
34 = dim((spin(12))'^ ) (Lemma 3.16), is onto. Thus, we have the isomorphism 

{Spin{A) X Spin{8))/Z2 = iSpin{l2)y' . 

4. Group 

We use the same notation as in [2] , [4] (however, some will rewritten). For example, 

C-Lic algebra es'^ = 67*^ © © © C © C © C and C-hnear transformations 
A, A of (8^, 

the groups Es^ =Ja G Isoc(e8'^) | i?2] = [ai?i, aiJa]} and Eg = {E^^Y^ = 
{a G Es'-' I rXa = arX}. 

For a G Er, the map a : eg'-' tg'^ is defined by 

a{<P, P,Q,r,u,v) — {a<I>a^^ ,aP,aQ,r,u,v). 

Then, a G Eg and we identify a with 5. The group £^8 contains E^ as a subgroup by 

Et = {a e Es\a e Er} = (-B8)(o,o,o,o,i,o)- 

We define a C- linear map k : eg*" — >^ eg*" by 

K = ad{K, 0, 0, -1, 0, 0) = ad(^(-2£;i V Ei,0, 0, -1), 0, 0, -1, 0, 0), 

and 14 dimensional C-vector spaces q_2 and 02 by 

Q_2 = {RGt8'^\KR=-2R}, 

= {(^(0, CEuO, 0), (a^i, ^2^2 + V3E3 + -Fi(y), 0), 0, 0, u, 0) 

02 = {R&t8'^\KR = 2R}, 

= {(^(0, 0, C-Bi, 0), 0, (6^1 + ^3^3 + (a;), 771^1, 0, rj), 0, 0, t;) 
|C,6,»?i,»?,^^e(7,a;G£^}. 
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Further, we define two C-linear maps Hi : eg*^ ts^ and (5 : 02 ~^ 02 by 
Ji-i{^,P,Q,r,u,v) = {fii^fii~^,iiJ.iQ,iniP, -r,v,u), 

where 

\x2 -iVi iV2 J \y2 -ixi J 

and 

^ (^(0, 0, C-Bi , 0), 0, {^2E2 + 6^3 + ^1 (x), m ^1 , 0, ?7) , 0, 0, v) 
= {${0, 0, -vEi , 0), 0, (6^2 + 6^3 + i^i {x), mEi , 0, ?7), 0, 0, -C). 

In particular, the explicit form of the map Jii : q_2 02 is given by 

/Ii {^{0, C^i, 0, 0), iiiEumE2 + V3E3 + Fi (y), 0), 0, 0, u, 0) 

= (^'(0, 0, C^^i, 0), 0, i-r]3E2 - V2E3 + Fi{y), -^^i, 0, -^i), 0, 0,u). 

The composition map SJli : Q_2 — >■ 02 of Mi ^'^^ "^Mi is denoted by Jis: 

JlsmO, CEi,0, 0), (6^1, 772^2 + %£^3 + Fi{y), C, 0), 0, 0, u, 0) 

= (#(0, 0, -uEi,0), 0, (-7?3£;2 - %i^3 + Fi{y), -^Ei,0, -6), 0, 0, -C). 

Now, we define the inner product {Ri,R2)n in 0_2 by 

(i?l,i?2)/t = —Bs{^lsRl,R2), 
where -Bg is the Killing form of eg*^. The explicit form of {R, i?)^ is given by 

{R, R)^ = -AQu - mm + yy + ^iC, 

for R = {<P{0,CEi,0,0),{^iEi,r]2E2+mE3+Fi{y),^,0),0,0,u,0) e Q_2. Hereafter, 
we use the notation (F*-^)^^ instead of 0_2. 

We define il- vector spaces V-^"^, V-^^ and {Vy^ respectively by 

= {i? = (^-(0, CSi , 0, 0) , (e^i , r]E2 - TvEs + F,{y),T^,0),0, 0, -rC, 0) 
\C,^,r]eC,y€€} 



with the norm 



{R, R)^ = ^BsiJlsR, R) = 4(tC)C + {tv)v + yy+ (r^C, 
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= {iigy"|(i?,(^i,o,o,o,i,o))^ = o} 

= {R= i-PiO, CEi,0, 0), i^E,,riE2 - rrjEa + Fi{y), t^, 0), 0, 0, -C, 0) 
\C€R,C,veC,ye€} 



with the norm 



{R, R)t. = j^BsiJlsR, R) = 4C' + iTv)v + yy + K)?, 

(F')'' = {i?GFi3|(i?,(<?i,0,0,0,-l,0))^-0} 

= {i? = (0, i^Ei , r,E2 - Ti^Es + Fi (y), , 0) , 0, 0, 0, 0) 

with the norm 

{R, R)^ = ^B^iJisR, R) = {Tr,)r, + yy + (r^^, 

where = <?(0, 0, 0). We use the notation {Vy^ to distinguish from the R- 
vector space V^"^ defined in Section 3. The space {V')^"^ above can be identified with 
the -R-vector space 

{P€^'^\kP= -P, htXP = -P} 
= {P= i^Ei,TjE2 - rriEs + Fi{y), t^, 0) e | ^, r/ e C, y e (t} 

with the norm {P, P)^ = ~{l^P, AP) = (r??)?? + yy + (t^^ 
Now, we define a subgroup G14 of Eg''^ by 

Gi4 = {a e Es'^ I Ka = ok, JisaR = aJlsR, R G {V'^)^^}. 

Lemma 4.1. The Lie algebra Qi^ of the group Gu is given by 

= {P G es"^ I K(adP) = (adP)K, {psi'AdR))R' = {{&dR)Jls)R' , R' E (F^)i^} 

/O Oy /ti \~ /O \ 
= i.U(D+ di + p T2 ii , a2 ai , 
\0 -di J \0 h nj \0 ai aaj 

'0 \ /O 0\ /pi 0\ / Ci 0' 







p2 61 ,iA,(i p2 Pi , ,0,p),([ 
bi 133 J yo Pi P^J yO 0/ \ 0, 

'0 \ 

Ti,ai,l3i,u,pi,p,Ci,C,r G C, 

zi Cs/ 

c 2 -1 

Ti + T2 +T3 = 0, di,ti,ai,bi,pi,zi e £ , n + -1/ + 2r = j. 
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In particular, we have 

dimc(fli4) = 28 + 63 = 91. 
Proposition 4.2. G14 = Spin{14, C). 

Proof. Let 50(14, C) = SO{{V^'^ f ). Then, we have G14/Z2 = 50(14, C), Z2 = 
{l,cr}. Therefore, G14 is isomorphic to S'pm(14, 0) as a double covering group of 
50(14,0). (In details, see [2].) 

We define subgroups Gii'^"", Gis'^"" and Gia'^"'" of the group Eg by 
Gu'^"" = {a e Gi4 I rXa = arX}, 

013^°™ = {aeGi4'=''™|a(^i,0,0,0,l,0) = (^i,0,0,0,l,0)}, 
Gia^"™ = {aGGi3^''™|a(^i,0,0,0,-l,0) = (^i,0,0,0,-l,0)}, 

respectively. 

Lemma 4.3. a G {E^Y'^^ = Spin{12) satisfies 

a^{0,Ei,0,0)a-'^ =${0,Ei,0,0), and a^{0,0,Ei,0)a-'^ = ^{0,0,Ei,0). 

Proof. We consider an 11 dimensional sphere {S'Y^ by 

{Sr'={P'^{VT\{P,P)^. = l} 

= {P' = {m,vE2 - TTjE^ + Fi{y),T^, 0) 

?7 e O, y G £, (r??)?? + yy + (r^^ = !}• 

Since the group Spin{12) acts on {S'Y^, we can put 

a(^i,0,l,0) = (^£i,7?£2-T»7^3+-Fi(2/),TC,0) G {S'f\ 

Now, since 1/2<Z'(0, £^1, 0, 0) = (E^i, 0,1,0) x (£;i, 0,1,0), we have 

l/2a<l>(0,£;i,0,0)a-i = Q!((i;i, 0, 1, 0) x (£;i, 0, 1, 0))a-i 
= a(£;i, 0,1,0) X a(i;i, 0,1,0) 

= {iEi , 7^E2 - TTjEs + Fi (y) , r?, 0) x {^Ei , rjE^ ~ rrjE^ + Fi (y), r^, 0) 
= 1/2^(0, {{Trj)rj + yy+ (rOO^^i, 0, 0). 

Since a{Ei,0, 1, 0) G (5')", we have {Tr])r] + yy + (t^)^ = 1. Thus, we obtain a{Ei,0, 
1,0) X a(£i, 0,1,0) = 1/2^(0, 0,0), that is, a^(0,^i,0,0)a-i = ^(0, £1,0,0). 
Since a E Spin{12) c E^ satisfies arX = rXa, we have also a#(0,0, £^i,0)a~^ = 
^{0,0, El, 0). 

Proposition 4.4. Gi2'='"" = 5pm(12). 

Proof. Now, let a G G12™'". Prom a(#i, 0,0,0, 1,0) = (^1,0,0,0,1,0) and 
a(^i, 0,0, 0,-1,0) = (^1,0,0,0,-1,0), we have a(0, 0,0,0, 1,0) = (0,0,0,0,1,0). 
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Hence, since a G £'12'^°'" C E^, we see that a £ E-j. We first show that na = an. 
Since 012"°"^ C Ej, it sufRces to consider the actions on ^P*^. Since a € 612''°'" 
satisfies Ha = aR, from 

KaP = KaP-aP and akP = anP - aP, P G qS*^, 

we have na = an. Next, we show that jia = a/j.. Again, from a(<?i,0,0, 0, 1,0) = 

(^1,0, 0, 0, 1, 0) and a{^i . 0, 0, 0, -1, 0) = (^-i, 0, 0. 0, -1, 0), we have a{^i,0, 0, 0, 0, 0) 
= (^1,0, 0,0, 0,0). Hence, since a G £7, we have a<?ia~^ = <?i, that is, a<?(0, i^i, 0, 0)a~^ 
= ^'(0, Ei,0, 0). Consequently 

a(^>(0, 0, Ei,0), 0, 0, 0, 0, 1) = a{-Jls{^{0, Ei,0, 0), 0, 0, 0, 1, 0)) 
= -Jisa{${0, Ei,0, 0), 0, 0, 0, 1, 0) = -/l5(^'(0, Ei,0, 0), 0, 0, 0, 1, 0) 
= (^(0,0, ^1,0), 0,0, 0,0,1). 

Similarly, we have a(^>(0, 0, 0), 0, 0, 0, 0, -1) = (<?(0, 0, 0), 0, 0, 0, 0, -1). 
Hence we have a(^(0,0,£i,0), 0,0, 0,0,0) = (#(0,0,i;i,0), 0,0, 0,0,0). Moreover, 
from a G Er, we have a${0,0, Ei,0)a~^ = ^{0,0,Ei,0). Hence put together with 
a'P{0,Ei,0,0)a-'^ = <?(0, 0, 0), we have a^O, Ei, Ei,0)a-'^ = ^{0, Ei, Ei,0), 
that is, a/ua~^ = /x. Thus, we have fxa = aji. Therefore, a G {E'jY''^ = Spin{12). 
Conversely, let a G Spin{12). For R G Cg*^, 

KaR = [(k, 0, 0, — 1, 0, 0), (a^a^^, aP, aQ, r, M, w)] 

= ([k, a<l>a~^],KaP - aP, naQ + aQ, 0, -2u, 2v) 

and 

awP = a[((K,0,0, -1,0,0), (^,P,Q,r,u, ■(;)] 
= [a(K, 0, 0, -1, 0, 0), a{$, P, Q, r, w, «)] 

= ([a/ta""^, a??a~"^], aKa~"^(aP) — aP, aK;a~^(aQ) + aQ, 0, —2u, 2v). 

From = an, we have [a^a^^, a<?a^^] = [k, a<?a~^]. Thus, we have HaR = okR, 
that is, /?a = aK. Next, from /la = a/i and Lemma 4.3, we have /ii(a??ia~^)/ii~^ 
= a{iii$ifir^)a-'^ = a${0,0,Ei,0)a-^ = ^(0, 0, £1, 0). Hence, for P = (C^i,P,0, 
0,«,0) G(y^)", 

JlgaR = Jis{Ca^ia~^ ,aP,0,0,u,0) 

= (^(0,0,-u^i,0),0,i/iiaP,0,0,-C) 

and 

aJlsR = a(#(0, 0, -uEi,0), 0, i/xiP, 0, 0, -C) 

= {a<P{0, 0, 0)a"\ 0, m/xiP, 0, 0, -Q 

= 0, -uEi, 0), 0, ia/ziP, 0, 0, -C). 
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Hence, from /ua = a/i, wc have jigaR = afigR, R £ (V^)^^. From Lemma 4.3, 
we have a(^i, 0, 0, 0, 0, 0) = 0, 0, 0, 0, 0). Moreover, since a G Et, we have 
a(0, 0, 0, 0, 1, 0) = (0, 0, 0, 0, 1, 0) and a(0, 0, 0, 0, -1, 0) = (0, 0, 0, 0, -1, 0). Hence, we 
have a(^i, 0,0, 0,1,0) = (^1,0,0,0,1,0) and a(^i, 0,0,0, -1,0) = (^1,0,0,0,-1,0). 
Therefore, a £ (712^°™- Thus, the proof of the proposition is completed. 

Lemma 4.5. The Lie algebras Qn'^"™' and 0i3™"* of the groups Gi4'^°™ and 
Q^^com ^j,g given respectively by 

= {Re I T\{adR) = (adi?)rA} 

, /O OV /ei Oy fO 
= I (^(d + di + i 62 ti , p2 ai 
\0 -di J V ti £3/ yo ai p3. 

/O 0\ /O 0\ /Ci 0\ 

-T p2 ai C2 21 , ,0,C), 

\0 ai paj \0 zi (3/ \0 Oj 

/O 0\ /Ci 0\ 
-TX(i C2 21 , ,0,c),r,0,0) 

yo 21 Cs/ Vo 0/ 

I r> e so(8), e, G H, Pi, Ci, C G C, i/, r e i-R, ei + e2 + 63 = 0, 
iei + ^u + 2r = 0, di,ti e £, ai,^i G C*^}. 

fl,3-m = {i?, e I (ad^;)(<z>i, 0, 0, 0, 1, 0) = 0} 

/O Oy /ei 

= \ (^(D+ di +i 62 tl 
VO -dl / V 63 

'0 

C2 Zl 
Zl -tC,2 

-tA(| C2 21 |,|o oj ,0,tCi),0,0,0) 

D e so(8), 6, G il, Pi, QeC,iye iR, 61 + 62 + 63 = 0, 
iei + -1^ = 0, di,ti,zi G £, ai G €^\. 

In particular, we have 

dim(0i4^°™) = 28 + 63 = 91, dim(0i3™™) = 28 + 50 = 78. 
Lemma 4.6. (1) For a G €, we define a C-linear transformation 613(a) o/es*" by 
613(a) = exp(ad(0, (Fi(a), 0, 0, 0), (0, Fi{a), 0, 0), 0, 0, 0)). 













P2 


ai 




ai 


P3, 










'(: 


C2 


21 




21 


-tC2 
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Then, ei3(a) G Gis'^"™ {Lemma 4.5). The action o/ei3(a) on V^^ is given by 
ei3(a)(#(0, CEi,0, 0), i^Ei,rjE2 - Tr,E, + i^i(y), rC, 0), 0, 0, -C, 0) 

= (^(0, CE,, 0, 0), {^'E,, r,'E2 - t^'E^ + F,{y'), , 0), 0, 0, -C, 0), 

Q = CCOS \a\ :rT—r Sin |a| 



2\a\ 

v' = v 

y' = y + — sm\a\ - 
a 



2(a,y)a . 



(2) For t € R, we define a C -linear trans forni,at,ion 0i3{t) of es*^ by 
Oi^it) = cxp(ad(0, (0, -tEi,Q, -t), {tEi,0, t, 0), 0, 0, 0)). 
Then, Oi3{t) £ ds'^"" (Lemma 4.5). The action of 9i3(t) on V'^^ is given by 
0i3(t)(<?(O, CFi, 0. 0), i^E,.riE2 - Tr,E3 + r^, 0), 0, 0, ~C, 0) 

= (0, CEi,0, 0), {CE,,r]'E2 - ttj'Es + F,{y'), 0), 0, 0, 0), 

C' = Ccost- + sin* 

e' = - rC) + i(C + tO cosi + 2Csint 
rj' = r] 

k y' = y- 

Lemma 4.7. Gi3"°'"/Gi2™'" ^ S^^. 

In partiular, Gis*^"™ is connected. 

Proof. Let = {i? e | = i}. The group 613'=°'" acts on (5^)12. 

We shall show that this action is transitive. To prove this, it suffices to show that 
any R e can be transformed to l/2(<?i, 0, 0, 0, -1, 0) € 5^^. Now for a given 

R = {${0, CSi , 0, 0) , (^£1 , r]E2 - TvEs + Fi {y) , r^, 0), 0, 0, -C, 0) e S'^, 

choose a £ € such that \a\ = 7r/2,(a, y) = 0. Operate £13(0) € Gi3°°'" (Lemma 
4.6.(1)) on R. Then, we have 

eisia)R = (0, (C^i,r/^2 - r^Es + Fi{y'),T^,0), 0,0,0,0) = i?i G (5')" C S'^ 

where (S")" = {i? G (V)^^ I (R, = !}• Here, since the group Spin{12){c Gis"'^) 
acts transitively on S^^ = {P & V^'^ \ {P,P)^l = 1}, there exists /3 G Spin{12) such 
that PP = (0, £^1, 0, 1) for any P G Hence we have 

pRi = m P', 0, 0, 0, 0) = (0, pP', 0, 0, 0, 0) 

= (0, pfxP, 0, 0, 0, 0) = (0, ^ipp, 0, 0, 0, 0) 

= (0, n{0. El , 0, 1), 0, 0, 0, 0) = (0, {El , 0, 1, 0), 0, 0, 0, 0) = R2 & {S')^^ , 
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where P e 5". 

Finally, operate 6»i3(-7r/2) G Gia^^"™ (Lemma 4.6.(2)) on i?2- Then, we have 
^i3(-7r/2)i?2 = ^(^1,0,0,0,-1,0). 

This shows the transitivity. The isotropy subgroup at l/2(<?i, 0, 0, 0, -1, 0) of Gi^,"""^ 
is obviously Thus, we have the homeomorphism Giz"""" S^"^. 

Proposition 4.8. dg'^"'" = SpiniU). 

Proof. Since the group Gia^"™ is connected (Lemma 4.7), we can define a homo- 
morphism tt : Gia™™ ^ SO{13) = SO{V^^) by 

7r(a) = a\V^^. 

KevTT = {l,a} = Zi. Since dim(£ii3'^'''") = 78 (Lemma 4.5) = dim(5o(13)), tt is 
onto. Hence, Gis'"'"'/Z2 = SO{U). Therefore, Gis""^ is isomorphic to Spin{lS) as 
a double covering group of 50(13) = SO{V^^). 

Proposition 4.9. ^14'^°™ = 5pm(14). 

Proof. Since the group ^14'^°™ acts on V^^ and 614'^°'" is conncctcd(Proposition 
4.2), we can define a homomorphism tt : 614'=°'" 50(14) = S'0(F") by 

7r(a) = a\V^^. 

KerTT = {l,a} = Z2. Since dim(si4™™) = 91 (Lemma 4.5) = dim(so(14)), tt is 
onto. Hence, Gi4'=°'"/Z2 = 50(14). Therefore, Gu""^ is isomorphic to 5pm(14) as 
a double covering group of 50(14) = SO{V^'^). 

Now, we shall consider the following group 

((5pm(13))°^')(o,_Fi(y),o,o)- 

- la G (5pznfl3))-' «(0, (0, i^i(l/), 0, 0), 0, 0, 0, 0) 

- ^a&[bpin[16)) =(o,(o,Fi(y),0,0),0,0,0,0) toraliyGLj-. 

Lemma 4.10. The Lie a/^efera ((5pin(13))'^')(o,Fi(j/), 0,0)- of the group 
((5pm(13))'^')(o,Fi(j/),o,o)- is given by 

((5pin(13))-')(o,F,(^),o,o)- ={R^ (5pin(13))-' |(adi?)(0, (0, F,{y),0, 0), 0, 0, 0, 0) =0} 

(e, Oy /O 0\ /O 0\ 

\0 63) \0 psj Vo Pa/ 
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/O \ /Ci 0\ /O 

( C2 0,0 ,0,tCi),-tA( C2 

Ci o\ 

,0,tCi),0,0,0) 
0/ 

|ei G i2, pi,C,i,& C, v € iR,ei + e2 + £3 = 0, iei + = 0|, 
In particular, we have 

dim(((5pin(13))"')(o,Fi(«),o,o)-) = 10. 

Lemma 4.11. {{Spin{13)y')^o,F,{y),ofi)-/Spini4:) ~ S\ 

In particular, {{Spin{13))'^ )(o,Fi(j/),o,o)- *s connected. 

Proof. We define a 5 dimensional -R-vector spaces by 
= {ij e I cr'R = R} 

= {R= (^(0, CE,,0, 0), (C^i, J?£2 - Tr,Es,T^, 0), 0, 0, -C, 0)\C € R,^,v € C} 
witli tlie norm 

(i?, R)^ = j^BsiilsR, R) = 4C' + {rv)v + {r^C 

Then, = {R e \ {R, R)^ = 1} is a 4 dimensional sphere. The group 

(o,Fi(y),o,o)- E^cts on S^. We shall show that this action is transi- 
tive. To prove this, it suffices to show that any i? S S*^ can be transformed to 
l/2(^>i, 0,0, 0,-1,0) e 5"' under the action of ((5'pm(13))'"')(o,Fi(j^),o,o)- • Now, for a 
given 

R = (#(0, CSi , 0, 0), (C^i, TjEa - TT^E:,, r^, 0), 0, 0, -C, 0) e S\ 

4C 

choose t €l <t < -K such that tant = (if ^ + t5 = 0, let t = ■7r/2). Operate 

6'i3(i) e ((5pm(13))^')(o,Fi(y),o,o)- (Lemmas 4.6.(2), 4.10) on R. Then, we have 

013 (t)i? = (0, {eEuvE2 - r7?£;3, 0), 0, 0, 0, 0) = Ri € C S\ 

Since the group {{Spin{12)y )(^o^Fi{y),o,o){^ (('S'P«n(13))'^')(o,Fi(i/),o,o)- ) acts transi- 
tively on (Lemma 3.14), there exists /3 e ((5pin(12))'^ )(o,Fi(j/),o,o) such that 

= (0, (£1, 0, 1, 0), 0, 0, 0, 0) = R2G S^. 

Finally, operate 0i3(— 7r/2) G {{Spin{13))'^ ){o,Fi(y),o,o)- on R2. Then, we have 

0i3(-7r/2)i?2 = ^(^1,0,0,0,-1,0). 
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This shows the transitivity. The isotropy subgroup at l/2(^i, 0, 0, 0, —1, 0) of 

((S'pm(13))'"')(o,_Fi(y),o,o)- is ((5pm(12))''')(o,_Fi(y),o,o) (Lemma 4.7) = Spin{4). Thus, 
we have the homeomorphism {{Spin{13))"' )(o,_Fi(y),o,o)-/'S'j'i"-(4) — S"'. 

Proposition 4.12. {{Spin{13)y )(o,Fi(j/),o,o)- — Spin(5). 

Proof. Since ((S'pm(13))'^ )(o.Fi(y).o,o)- is connected (Lemma 4.11), we can define 
a homomorphism tt : {{Spin{13)f' )(o,F,{y),ofl)- SO{b) = SO{W^) by 

7T{a)=a\W^. 

KerTT = {l,cr} = Z2. Since dim(((spin(13))'^')(o,_Fi(y),o,o)-) = 10 (Lemma 4.10) 
= dim(so(5)), tt is onto. Hence, ((S'pm(13))'^')(o,_Fi(y),o,o)-/-^2 = SO{5). Therefore, 
{{Spin{13)y )(o,_Fi(y),o,o)- is isomorphic to Spin{5) as a double covering group of 
50(5). 

Lemma 4.13. The Lie algebra {spin{l3)y of the group {Spin{13)Y is given by 
{5p\n{l3)Y' 




0,tCi ,-rA 




0,tCi), 0,0,0) 

£) eso(8),ei e R, pi,Ci eC,uG iR, ei +62 + 63 = 0, ici + = Oj. 



2 
3 

In particular, we have 



dim((5pin(13))'^ ) = 28 + 10 = 38. 
Now, we shall determine the group structure of (S'pm(13))'^'. 
Theorem 4.14. {Spin{13)f' ^ {Spin{5) x Spin{8))/Z2, = {(1, 1), (-1, a)}. 



Proof. Let Spin{13) = Gis"""', Spin{5) = ((Spin{13)f')^o,F,(y),ofl)- and 
Spin{8) = {{Fi)Ey C {{Ee)Ey C {{E^Y^i^y' c (Gia'^"")'^' '(Theorem 1.2, Propo- 
sitions 4.4, 4.8). Now, we define a map <p : Spin{5) x Spin{8) (S'pm(13))'^' by 

Then, ip is well-defined : (p{a,l3) S {Spin{13)y' . Since [Rd,R5] = for Rd = 
(^(A 0,0,0), 0,0,0,0,0) espin(8),i?5 e5pin(5) = ((5pin(13))'^')(o,j',(^),o,o)- (Propo- 
sition 4.12), we have al3 = /3a. Hence, <^ is a homomorphism. Ker <y5 = {(1, 1), (—1, a)} 
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— Zi. Since (S'pin{VS)Y is connected and dim(spin(5)©spin(8)) = 10(Lemma 4.10) + 
28 = 38 = dim((spin(13))'^ ) (Lemma 4.13), is onto. Thus, we have the isomorphism 

{Svin{h) X 5pm(8))/Z2 = ((S'pm(13))'^'. 

Now, we shall consider the following group 

((5pm(14))^')(o,Fi(j,),o,o)- 

-Iaeff5mn(14))<^' "(0, (0, i^i(2/), 0, 0), 0, 0, 0, 0) _ ^ j 

- |a e U^p«rHi4jj ^ ^^^^^^ tor all j/ e Cj-. 

Lemma 4.15. T/ie Lie aZgeftra ((spin(14))'^ )(o,J"i(y),o,o)- of the group 
((S'pm(14))'^')(o,iri(y),o,o)- «s fl'i^'en 6t/ 

((spin(14))-')(o,f^(^),o,o)-={i?e (spin(14))-'|(adi?)(0,(0,Fi(y),0,0),0,0,0,0) = 0} 

/ei Q\r /O 0\ /O 0\ 

= |(<l'(z £2 , p2 ,-r p2 ,1/), 

^ Vo es/ Vo P3/ Vo /'3/ 

/O 0\ /Ci 0\ /O 

( C2 0,0 ,0,c),-rA( C2 
yO Ca/ VO 0/ '\0 Ca 

Ci 0\ 

,0,c),r,0,0) 
0/ 

I Cj e i2, Pi,Ci,C iy,r € iR, ei + e2 + es = 0, iei + -z^ + 2r = Oj. 
/n particular, we have 

dim(((spin(14))^')(o,Fi(j;),o,o)-) = 15. 

Lemma 4.16. For t € R, we define a C-linear transformation 0u{t) of Zs'^ by 

6*14(0 = exp(ad(0, (0, itEi, 0, it), (itEi,0, it.O),0, 0, 0)). 

Then, Ouit) e ((S'pm(14))'^')(o,iri(j,),o,o)- {Lemma 4.15). The action of6i4{t) on V^'^ 
is given by 

^i4(i)(^(0, CEi,0, 0), {m,vE2 - rrjEs + F,{y),T^, 0), 0, 0, -rC, 0) 

= (^(0, C'^i, 0, 0), {CEuv'E2 - TTi'Ei + i^i {y'),T^, 0), 0, 0, -rC, 0), 

C = ^(C + tC) + ^(C - tC) cost - ^(^ + sint 
^' = \{i - rO + ^(e + cost - i(C - rC) sint 

L v = v'- 
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Lemma 4.17. {{Spin{lA)Y')^^a,F,{y)fifi)- / Spin{h) ~ S^. 

In particular, {{Spin{lA)Y )(o,Fi(3/),o,o)- connected. 
Proof. We define a 6 dimensional -R-vector space by 

= {R& V^^ I u'R = R} 

= {R= (#(0, C^i ,0,0), i^E, , r]E2 - rrjEs, r^, 0), 0, 0, -rC, 0) | C, ?7 G C} 
with the norm 

{R, R)^ = ^BsiJlsR, R) = 4(tC)C + {rv)v + (rOC- 

Then, = {RgW'^\ {R, R)^ = 1} is a 5 dimensional sphere. The group 
{{Spin{l^)Y )(o,Fi(3/),o,o)- a^cts on S^. We shall show that this action is transi- 
tive. To prove this, it suffices to show that any R € can be transformed to 
l/2(z^i,0,0,0,i, 0) e under the action of ((S'pm(14))'^')(o,Fi(j/),o,o)- • Now, for a 
given 

i? = (^(0, C^i , 0, 0) , , ?7^2 - rr?i;3 , rC, 0) , 0, 0, -rC, 0) G 55 , 

2i(C — rC) 

choose t e R.O < t < TT such that tant = (if f + rf = 0, let t = 7r/2). 

Operate 9i4{t) e ((5pm(14))'^ )(o,Fi(j/),o,o)- (Lemmas 4.15, 4.16) on R. Then, we 
have 

ei4{t)R = (f (0, {CE,,0, 0), {^'E,,r,E2 - tt^E^^t^ , 0), 0, 0, -C, 0) = Ei e 5^ C 5^ 

Since the group ((5'pin(13))'^')(o,Fi(y),o,o)- (c ((S'pm(14))'^')(o,iri(y),o,o)- ) acts transi- 
tively on S'^ (Lemma 4.11), there exists /3 e {{Spin{l'i)Y )(o,Fi(j/),o,o)- such that 

= ^(^1,0,0,0,-1,0) = ii2 e 

Moreover, operate ^i4(7r/2) and a(7r/4) (Lemma 3.13) in order, 
eu{-K/2)R2 = (0, i-iEi, 0, i, 0), 0, 0, 0, 0) = R3, 

and 

a(7r/4)i?3 = (0, (£^1, 0, 1, 0), 0, 0, 0, 0) = R4. 
Finally, operate Oi4{—n/2) G {{Spin{14:)Y' ){o,Fi(y),o,o)- on R4. Then, we have 

eu{-T^/2)R4 = i(i^i,0,0,0,i,0). 

This shows the transitivity. The isotropy subgroup at l/2(i<?i, 0, 0, 0, i, 0) of 

{{Spin(lA)Y ) (o,Fi(j/),o,o)- is {{Spin{l2,)Y )(o,i^i(j/),o,o)- (Proposition 4.8) = Spin{b). 
Thus, we have the homeomorphism {{Spin{14)Y )(o,Fi{y)fifi)- / Spin{b) ~ S^. 
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Proposition 4.18. ((S'pm(14))'^')(o,iri(y),o,o)- = Spin{6). 

Proof. Since {{Spin{14))"' )(o,Fi(j/),o,o)- is connected (Lemma 4.17), we can define 
a homomorphism tt : ((S'pm(14))'"')(o,Fi(y),o,o)- ^ SO{6) = SO{W^) by 

n{a)=a\W^. 

KerTT = {l,cr} = Z2. Since dim(((spin(14))°" )(o^i^j(y)^o,o)-) = 15 (Lemma 4.15) 
= dim(5o(6)), TT is onto. Hence, ((S'pm(14))'^ )(o,Fi(j/),o,o)-/-^2 — SO{6). Therefore, 
{{Spin{14:))"' )(o,Fi(j/),o,o)- is isomorphic to Spin{5) as a double covering group of 
50(6). 

Lemma 4.19. The Lie algebra {spin{lA))'^' of the group {{Spin{lA)Y is given hy 
{sp\n{lA)Y' 

/ei 

\ 63 

/o o\ /Ci o\ /o 

( C2 0,0 ,0,c),-rA( C2 
\0 Ca/ VO 0/ VO Cs 









0\ 







,o,c) 


V 








2 1 

|r> e5o(8),ei e R, Pi,Ci,C e e ii«,ei +e2 + e3 = 0, iei + -u + 2r = 0j. 

In particular, we have 

dim((Bpin(14))'^') = 28 + 15 = 43. 
Now, we shall determine the group structure of (5pm(14))'^'. 
Theorem 4.20. {SpiniU)y' ^ (5'pm(6) x S'pm(8))/Z2, Z2 = {(1, 1), (-1, a)}. 

Proof. Let Spin{U) = Gu"""' ,Spin{<Q) = {{Spin{lA)Y')(Q^F^(y)^Q^Qy and 
Spm(8) = imEy C imEy C {{E^Y^^^Y' c (ds'^'"")'^' C [GiY"^^' (The- 
orem 1.2, Propositions 4.8, 4.9). Now, we define a map <p : Spin{6) x Spin{8) 
{Spin{U)Y' by 

Then, ip is well-defined : (p{a,l3) e {Spin{U)Y' ■ Since [i?i3,i?6] = for Rd = 
(^(A 0,0,0), 0,0,0,0,0) G spin(8),ii6 G spin(6) = ((5pin(14))'^')(o,p.,(j,),o,o)- (Propo- 
sition 4.18), wc have a/3 = I3a. Hence, ip is a homomorphism. Kcr (p = {(1, 1), (—1, cr)} 
= Z2. Since {Spin{14)Y is connected and dim(5pin(6)©5pin(8)) = 15(Lemma 4.15)+ 
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28 = 43 = dim((spin(14))'^ ) (Lemma 4.19), <p is onto. Thus, we have the isomorphism 
{Spin{6) X Spin{8))/Z2 = ((S'pm(14))'^'. 
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